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In this paper, we will calculate the bosonic as well as fermionic propagators under classical
homogeneous and constant magnetic and electric fields in a Euclidean space. For this, we will
reassess the Ritus’ method for calculating the Feynman propagator.
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I. INTRODUCTION
It is well known that the Feynman propagator is an amount very important in Quantum Field Theory
(QFT) and that, therefore it must be calculated for the most diverse situations in which quantum fields
are subject, for example in periodic boundary conditions, antiperiodic boundary conditions and in external
fields.
Taking into account external electromagnetic fields, the propagator can be calculated using the technique
developend by J. Schwinger in 1951, the proper time method [1]. The proper time method is a powerful way
to calculate the propagator under external fields, but it uses one dimension additional to get the propagator:
the proper time S in the range [0,+∞]. Thus, the expressions to the propagators are given by integrals
on proper time S. Thise integrals can be very difficult to solve [1, 2]. In the decade of 1970, V. Ritus
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2addressed the problem of calculating the fermionic field propagator subject to an external electromagnetic
field of a rather innovative and simplistic way [3–5], namely: by the diagonalization of the Dirac operator.
In other words, the method consists in to find eigenfunctions of Dirac’s operator such that the propagator
is written as in free form. That is, it is found a kind of Fourier transform for the operator /D, being Dµ the
covariant derivative. A few years ago, the Ritus’ method also has been used to calculate the propagator of a
charged particle of spin 1 in the context of electroweak theory [6, 7] and of spin 1/2 in low dimensions [8].
Here, we will rescue Ritus’ interesting idea for calculating Feynman propagator under external, constant
and homogeneous electric and magnetic fields in the z direction.
The paper is organized as follows: in section II, we present the Ritus’ method. As we want to be
didactic, let us divide it into four subsections. In subsection A we calculate the free scalar propagator
using the eigenfunctions of ∂µ operator: the plane waves. In the subsection B we calculate the scalar
propagator under an external magnetic and electric classical fields along to z direction. Let us calculate the
eigenfunctions of operatorD2 and show that they form a complete set of solutions. From this set, we will be
able to expand the propagator in the coordinate as well as momenta spaces. In subsection C, we calculate the
Feynman propagator of the free spinor field. Again, to be pedagogical, we uses the Ritus’ method in the /∂
operator context, i.e., we write the free fermionic propagator by expansion over plane waves. In subsection
D, we calculate the spinor propagator field under an electric and magnetic external background fields in the
z direction, through the eigenfunctions associated to /D operator. We will make our final considerations in
section III. Throughout the text, we will use a four-dimensional Euclidean space and the natural system of
units in which c = ~ = 1. Our definitions agree with Ref. [9].
II. RITUS’ METHOD
The Ritus’ method can be describe in few words as follows. The field propagator satisfy an differential
equation. This differential equation has a specific operator. We solved the eigenvalue equation for this
specific operator. Then, we expand the propagator in terms of operator’s eigenfunctions. To facilitate
understanding, let us show how the Ritus’ method works in four cases: free scalar field; scalar field under
external fields E and B; free spinor field; and spinor field under external fields E and B.
A. Free scalar field propagator
The free Klein-Gordon equation in four-dimensional Euclidean space is given by
3(−∂µ∂µ +m2)φ(u) = 0,
where ∂µ = (∂τ , ∂x, ∂y, ∂z) and u = (τ, x, y, z). The Feynman propagator associated to free scalar field
satisfy [9]
(∂µ∂µ −m2)G(u− u′) = −δ4(u− u′). (1)
Note that the plane wave in Euclidean space, exp (ikαuα), are eigenfunction of ∂ν with ikν eigenvalue.
Furthermore, we have [∂µ∂µ, ∂ν ] = 0. For this, plane waves are also eigenfunctions of ∂µ∂µ operator, with
−(kµ)2 eigenvalue. Since plane waves form a complete set of functions, we can write
G(u− u′) =
∫
d4k
(2π)4
[exp (ikµuµ)]g(k)
× [exp (ikνu′ν)]∗, (2)
being g(k) the propagator in the momenta space. It is found through application (∂µ∂µ −m2) at Eq. (2).
After this, we use Eq. (1) and take into account that
δ4(u− u′) =
∫
d4k
(2π)4
[exp (ikµuµ)][exp (ikνu
′
ν)]
∗. (3)
The result is
g(k) =
1
k2 +m2
, (4)
where k2 = k2τ + k
2
x + k
2
y + k
2
z . Now, we can go back in Eq. (2) and replace g(k) by Eq. (4).
B. Scalar field propagator under an electromagnetic external field
Now let us calculate the bosonic propagator under an electric external field, E = E0zˆ and a magnetic
external field, B = B0zˆ. For this, we will use the minimal coupling in the Euclidean space [10]: ∂µ →
∂µ + ieA
ext
µ . This is the covariant derivative in the Euclidean space, Dµ. We choose the gauge A
ext
µ =
(−zE0, 0, xB0, 0). The propagator, in this case, satisfy the equation
(DµDµ −m2)G(u, u′, A) = −δ4(u− u′). (5)
Notice that [D2µ, ∂ν ] 6= 0. Therefore, the planes waves are not eigenfuntions of D2µ operator.
Let Ep(u) the eigenfunctions of operator D
2
µ. If we get the complete set formed by Ep(u), then we will
can write
G(u, u′, A) =
∫
dpEp(u)G(p)E∗p(u′). (6)
4To find G(p), we have to apply the operator (D2µ −m2) over Eq. (6), to use the Eq. (5) and write the delta
function in terms of Ep(u).
Therefore, let us solve the eigenvalue equation
D2µEp = p
2Ep. (7)
According to our gauge, the operator D2µ becomes
D2µ = ∂
2
τ + ∂
2
x + ∂
2
y + ∂
2
z − 2iωEz∂τ
+2iωBx∂y − ω2Ez2 − ω2Bx2. (8)
being ωE ≡ eE0 and ωB ≡ eB0.
From Eq. (8), we notice that variables (τ, z) and (x, y) are coupling. Thus, to solve Eq. (7), we make
the ansatz [10–12],
Ep(u) = C exp [i(ωEaτ τ + ωBayy)]X(x)Z(z), (9)
where C is a normalization constant.
Replacing the ansatz on the equation (7), we get(
Z ′′(z)
Z
− ω2E(z − aτ )2
)
=
−
(
X ′′(x)
X
− ω2B(x+ ay)2 − p2
)
≡ −const. (10)
To obtain finite solutions in z variable, we choose const = ωE(2n + 1), n = 0, 1, 2, · · ·. In x variable, the
choose that produces finite solutions is −p2 − const = ωB(2ℓ+ 1), ℓ = 0, 1, 2, · · ·. Thus,
p2 = − [ωE(2n+ 1) + ωB(2ℓ+ 1)] , n, ℓ = 0, 1, 2, · · · . (11)
The Eq. (11) gives the finite solutions in terms of Hermite polynomials, namely
Xℓ(x) =
1√
2ℓℓ!
(ωB
π
) 1
4
exp
[−ωB(x+ ay)2/2]
× Hℓ [
√
ωB(x+ ay)] , (12)
and
Zn(z) =
1√
2nn!
(ωE
π
) 1
4
exp
[−ωE(z − aτ )2/2]
× Hn [√ωE(z − aτ )] . (13)
The Eqs. (12) and (13) can be written in terms of the Hermite functions [13]
hm(s) ≡ 1√
2mm!
√
π
exp
(
−s
2
2
)
Hm(s).
5These functions form a complete set, i.e.,
∫ +∞
−∞
ds hℓ(s) hn(s) = δℓ,n (14)
and
+∞∑
n=0
hn(s) hn(s
′) = δ(s − s′). (15)
Therefore, we get
Ep(u) = (ωEωB)
1
4 exp [i(ωEaτ τ + ωBayy)]
× hℓ[
√
ωB(x+ ay)]hn[
√
ωE(z − aτ )]. (16)
From Eqs. (16) and (15) we can show the completeness relation
∫
dpEp(u)E
∗
p(u
′) =
+∞∑
n=0
+∞∑
ℓ=0
∫
ωEωB
(2π)2
daτdayEp(u)E
∗
p(u
′)
= δ4(u− u′). (17)
and the orthogonality
∫
d4uEp(u)E
∗
p′(u) = (2π)
2δ[ωE(aτ − a′τ )]δ[ωB(ay − a′y)]
× δn,n′δℓ,ℓ′ . (18)
Thus, the scalar field propagator under external electromagnetic field is given in terms of the Ritus’
eigenfunctions, Ep(u):
G(u, u′, A) =
ωEωB
(2π)2
+∞∑
n=0
+∞∑
ℓ=0
∫
daτdayEp(u)G(p)E∗p (u′),
(19)
with Ep(u) given by Eq. (16) and p
2 written in Eq. (11).
Applying (D2µ−m2) at relation given in the Eq. (19) and using the Eqs. (5), (7), (11) and (17), we found
G(p) in the Euclidean space
G(p) = 1
ωE(2n+ 1) + ωB(2ℓ+ 1) +m2
. (20)
Note that G(p) actually does not depends of p, but only of eletric and magnetic fields and the Landau levels,
(n, ℓ).
6C. Free spinor field propagator
Let us find the well know free Dirac field propagator by the Ritus’ method. In the Euclidean space, we
have
(/∂ + im)ψ(u) = 0,
where
/∂ = γµ∂µ ; {γµ, γν} = −2δµν .
Explicitly
γ0 = −i

 02 I2
I2 02

 ; γj =

 02 −σj
σj 02

 , (21)
being σ1 = σx , σ2 = σy and σ3 = σz the Pauli matrices.
The free propagator satisfy the equation
(/∂ + im)S(u− u′) = δ4(u− u′). (22)
Since [/∂, ∂ν ] = 0, eigenfunctions of operator ∂ν , namely, planes waves, are also eigenfunctions of /∂,
with /k eigenvalue:
/∂[exp (ikµuµ)] = [exp (ikµuµ)] i/k, (23)
in this order.
Thus, expanding the Dirac propagator in terms of planes waves, we obtain
S(u− u′) =
∫
d4k
(2π)4
[exp (ikµuµ)]s˜(k)
× [exp (ikνu′ν)]∗. (24)
The free propagator in the momenta space, s˜(k), can be found by application of operator (/∂ + im) at
equation (24), and by use of the Eqs. (23), (22) and Eq. (3), namely
s˜(k) =
i(/k −m)
k2 +m2
. (25)
D. Spinor field propagator under an electromagnetic external field
Take into account the minimal coupling, the Dirac equation under both electric and magnetic fields in
the z direction is given by
( /D + im)Ψ(u) = 0,
7where again Dµ = ∂µ + ieA
ext
µ and A
ext
µ = (−zE0, 0, xB0, 0). The Feynman propagator is
( /D + im)S(u, u′, A) = δ4(u− u′). (26)
Note that [ /D, ∂ν ] = ieγµ[A
ext
µ , ∂ν ] 6= 0. Therefore, the wave planes are not eigenfunctions of operator /D.
However, [ /D
2
, /D] = 0. Thus, let us find the eigenfunctions of quadratic Dirac operator.
If we could find the eigenfunctions Ep of operator /D, or equivalently /D
2
, we can write the fermionic
propagator by expansion in terms of them.
We can show that
/D
2
=
(
ie[γµ, γν ]Fµν − 4D2µ
)
/4,
where D2µ, is given by Eq. (8) and the only no null values of Fµν is F03 = −F30 = E0 and F12 = −F21 =
B0. Using explicitly the γ matrices write in Eq. (21), we have
/D
2
= ωE(I˜2 ⊗ σz) + ωB (I2 ⊗ σz)−D2µ, (27)
where
I˜2 ≡

 1 0
0 −1

 . (28)
From bosonic case, we know that the operator D2µ has its eigenvalues given by
[−ωE(2n + 1)− ωB(2ℓ+ 1)] and its eigenfunctions given by Ep(u) (see Eq. (16)). Therefore, we
have just that find the spin related part eigenvalue of /D
2
, i.e.,[ωE(I˜2 ⊗ σz) + ωB (I2 ⊗ σz)].
We need find the matrices ΩσE and ΩσB such that
(I˜2 ⊗ σz)ΩσE = σEΩσE ,
(I2 ⊗ σz)ΩσB = σBΩσB , (29)
with σE = σB = ±1.
After we make the tensorials products in Eq. (29), we easily found the structure of ΩσE and ΩσB .
Therefore, the eigenfunctions of /D
2
are given by [7, 12]
Ep(u) =
∑
σE,σB=±1
Ep,σE,σB(u)ΩσE,σB , (30)
where
ΩσE,σB = diag
(
δ1,σE δ1,σB ; δ−1,σE δ−1,σB ;
δ−1,σE δ1,σB ; δ1,σE δ−1,σB
)
, (31)
8and Ep,σE,σB(u) are given by Eq. (16). Thus,
/D
2
Ep = [ωE(2n + 1 + σE) + ωB(2ℓ+ 1 + σB)]Ep.
(32)
Although we already know the eigenfunctions of operator /D, i.e., the Ritus’ eigenfunctions Ep(u) given
by Eq. (30), we do not know what are its eigenvalues, and for this reason, we still cannot expand the
fermionic propagator as we did in Eqs. (2), (19) and (24) in terms of Ep. To solve this problem, Ritus,
postulated the relation
/DEp = Ep i/¯p, (33)
in this order, for a specific four-vector p¯.
In the appendix A, we calculate explicitly the four-vector p¯. The result is
p¯µ =
(√
ωE(2n+ 1 + σE), 0,
√
ωB(2ℓ+ 1 + σB), 0
)
,
n, ℓ = 0, 1, 2, · · · . (34)
Take into account the Eq. (17) and that,
∑
σE,σB=±1
∑
σ
E′ ,σB′=±1
ΩσE,σB ΩσE′ ,σB′ = I4,
is easy show that
∫
dpEp(u)E
†
p(u
′) = δ4(u− u′), (35)
and
∫
d4uEp(u)E
†
p′(u) = (2π)
2δ[ωE(aτ − a′τ )]δ[ωB(ay − a′y)]
× δn,n′δℓ,ℓ′ . (36)
Now, we finally can expand the fermionic field propagator in terms Ep, namely
S(u, u′, A) =
∫
dpEp(u)S(p)E†p(u′), (37)
Replacing the expansion given in Eq. (37) within Eq. (26) and using the Eqs. (33) and (35), we obtain
S(p¯) = i(/¯p−m)
p¯2 +m2
, (38)
9with the p¯µ components given by Eq. (34). We also have used that /¯p
2 = −p¯2. Finally, the Dirac propagator
under an external constant electromagnetic field is
S(u, u′, A) =
ωEωB
(2π)2
+∞∑
n=0
+∞∑
ℓ=0
∫
daτdayEp(u)S(p¯)E†p(u′),
(39)
with Ep(u) write in Eq. (30).
III. CONCLUSIONS / COMMENTS
In this paper, we rescue the Ritus’ idea to calculate the Feynman propagator under magnetic and electric
external fields. First, we used the Klein Gordon equation and the minimal coupling prescription to find
the Ritus’ eigenfunctions and its eigenvalues. After that, we apply the method at the Dirac equation. In
this case, we have had an additional problem: we did not know the eigenvalues associated with the Dirac
operator inside the constant electromagnetic field. Thus, one more condition was necessary to find the
fermionic propagator. We define that /DEp = Ep i/¯p for some p¯µ to be found. In the appendix A, we
calculate explicitly the components of p¯. The Ritus’ method is a sensational tool to find the Feynman
propagator in an external field. As the bosonic propagator, as well as the fermionic propagator were written
in a diagonal form, the expressions involved became simpler than those obtained by other methods, for
example, the proper time method. With this manuscript, we expect that the Ritus’ method become more
widespread in the wider academic community.
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Appendix A: The components of p¯µ
Now let us demonstrate the p¯µ components written in (34). For this, we will write explicitly the left
side of Eq. (33). Take into account the Eq. (30), we have
Ep =


E1,1 0 0 0
0 E−1,−1 0 0
0 0 E−1,1 0
0 0 0 E1,−1


. (40)
Using the γ matrices given in Eq. (21) we get
/DEp =


0 0 (−iD0 −D3)E−1,1 (−D1 + iD2)E1,−1
0 0 (−D1 − iD2)E−1,1 (−iD0 +D3)E1,−1
(−iD0 +D3)E1,1 (D1 − iD2)E−1,−1 0 0
(D1 + iD2)E1,1 (−iD0 −D3)E−1,−1 0 0


, (41)
where D0 = ∂τ − iωEz,D1 = ∂x,D2 = ∂y + iωBx and D3 = ∂z .
The right side of Eq. (33) is
Ep i/¯p =


0 0 (p¯0 − ip¯3)E1,1 (−ip¯1 − p¯2)E1,1
0 0 (−ip¯1 + ip¯2)E−1,−1 (p¯0 + ip¯3)E−1,−1
(p¯0 + ip¯3)E−1,1 (ip¯1 + p¯2)E−1,1 0 0
(ip¯1 − p¯2)E1,−1 (p¯0 − ip¯3)E1,−1 0 0


. (42)
After we compare the Eqs. (41) and (42) and solve four sets of differential coupling equations, we find
that the components of p¯µ satisfy
p¯20 + p¯
2
3 = ωE(2n+ 1 + σE),
and
p¯21 + p¯
2
2 = ωB(2ℓ+ 1 + σB),
11
for n, ℓ = 0, 1, 2, · · · and σE = σB = ±1. To an appropriate coordinate system, we can fix p¯1 = p¯3 = 0,
and thus, the Eq. (34) is demonstrated.
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